However, in the case of high Reynolds number, ̅̅̅̅ increases with before reaching a maximum value which is followed by a decreasing trend for all values of considered here. Detailed physical explanations are provided for the influences of , , , and on ̅̅̅̅ based on an elaborate scaling analysis. Finally, the numerical findings have been used to propose a correlation for ̅̅̅̅ for the ranges of , , , considered here.
Grid expansion ratio
INTRODUCTION
Mixed convection in cylindrical enclosures with a rotating end wall has been extensively investigated [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] due to its wide ranging engineering applications such as in fluid machinery, heat exchangers with a rotating fluid, food and chemical processing. Most of the studies in the existing literature are restricted to the Newtonian Fluids (where the viscous stress is directly proportional to strain rate) [1] [2] [3] [4] [5] [6] [7] [8] [9] . However, relatively limited effort has been directed to the analysis of mixed convection of non-Newtonian fluids [10] [11] [12] [13] [14] (where there is a non-linear relation between viscous stress and strain rate) despite their immense practical importance in anaerobic digesters, bio-chemical synthesis and polymer processing, to name a few notable applications.
Laminar flow of Newtonian fluids in a cylindrical container with a rotating cover has been experimentally investigated by Vogel [1, 2] , Ronnenberg [3] , and Bertela and Gori [4] . The formation of different vortical structure and vortex breakdown phenomenon in this configuration have been reported for different values of Reynolds number (i.e. Ω 2 / where Ω is the angular speed and is the kinematic viscosity) and aspect ratio (i.e. height to radius ratio = / ) of the enclosure [1] [2] [3] [4] . Escudier [5] extended these findings to provide stability criterion for vortex breakdown. The formation of vortical structures in this configuration has been found to considerably affect the rate of heat transfer in Newtonian fluids [8, 9] . Moreover, the effects of Prandtl [8] , Reynolds and Richardson numbers [9] on the flow pattern and heat transfer rate in cylindrical enclosures with a heated rotating top wall have also been investigated for an aspect ratio of unity (i.e. = / = 1). It has been found that the mean Nusselt number is a strong function of Prandtl number [8] and the advective transport weakens, while the diffusive transport strengthens with an increase in Richardson number [9] .
Several studies also focused on the flow structure of non-Newtonian fluids [10] [11] [12] in cylindrical enclosures with a rotating end wall. Escudier and Cullen [10] analysed cylindrical enclosures experimentally with a rotating top cover for viscoelastic shear-thinning fluids (i.e. viscosity decreases with increasing strain rate 6 and strain rate is dependent on time for constant shear stress). Stokes and Boger [11] proposed a regime diagram for flow stability based on Reynolds and Elasticity numbers for viscoelastic fluids in cylindrical enclosures with a rotating cover. The influence of shear-thinning character of inelastic non-Newtonian fluids on vortex breakdown (observed by Vogel [1, 2] and Escudier [5] for Newtonian fluids) in cylindrical enclosures with a rotating cover was analysed both experimentally and numerically by Böhme et al. [12] where the viscosity was approximated by a power-law in terms of the shear rate. Böhme et al. [12] developed an aspect ratio -Reynolds number ( − ) diagram, representing the domain of vortex breakdown for shear-thinning fluids.
It is worth noting that all these aforementioned studies for non-Newtonian fluid flows in cylindrical enclosures with a rotating cover [10] [11] [12] confirmed that the formation of vortical structures is significantly different for non-Newtonian fluids in comparison to that in the Newtonian fluids for the same set of values of nominal Reynolds number and aspect ratio [10] [11] [12] . The formation of vortical structures for nonNewtonian fluids in cylindrical enclosures with a rotating end wall also significantly affects the heat transfer rate. However, to date, only a few [13] [14] studies concentrated on the heat transfer characteristics of nonNewtonian fluids in cylindrical enclosures with a rotating end wall. Traore et al. [13] investigated heat transfer characteristics of viscoelastic fluids in cylindrical enclosures with a rotating top cover. They have reported that the heat transfer rate due to temperature fluctuations in viscoelastic fluids might locally increase the rate of heat transfer up to 4 times in comparison to the corresponding value in the purely conduction regime [13] .
The heat transfer characteristics of inelastic shear-thinning and shear-thickening fluids in cylindrical enclosures with a rotating end wall have not yet been analysed in the existing literature. This paper addresses this deficit by analysing the heat transfer characteristics of inelastic shear-thinning and shear-thickening fluids obeying the power-law model of viscosity in cylindrical enclosures with a rotating heated top cover.
An extensive parametric analysis has been conducted for a range of different nominal Reynolds (i.e. 500 ≤ ≤ 2000), Prandtl (i.e. 10 ≤ ≤ 500), Richardson (i.e. 0 ≤ ≤ 1) numbers, and power-law index (i.e. 0.6 ≤ ≤ 1.8) for an aspect ratio of unity (i.e. = / = 1). The range of nominal Reynolds number (i.e. 500 ≤ ≤ 2000) has been chosen based on previous experimental [1] [2] [3] [4] and numerical [8] [9] ] studies in such a manner that steady state laminar flow can be realised.
The main objectives of this analyses are;
1. To demonstrate the influences of , , , on the flow patterns and mean Nusselt number ̅̅̅̅ in the case of mixed convection of power-law fluids in cylindrical enclosures with a heated rotating top wall for an aspect ratio of unity (i.e. = / = 1).
2. To propose a correlation for the mean Nusselt number ̅̅̅̅ based on a detailed scaling analysis for the range of , , and considered in this analysis.
Mathematical background and numerical implementation related to this analysis will be presented in the next two sections. Following that, a scaling analysis will be provided in order to elucidate the expected influences of , , , on the mean Nusselt number. Subsequently, results will be presented along with its discussion. Finally, the conclusions are drawn and main findings are summarised.
MATHEMATICAL BACKGROUND
According to the power-law model, the viscous stress tensor is expressed as [15] :
Here, = ( / + / ) is the rate of strain tensor, is the consistency and is the power-law index and = ( /2) ( −1)/2 is the apparent viscosity. The apparent viscosity decreases (increases) with increasing shear rate for < 1 ( > 1) and thus fluids with < 1 ( (2)
is the Grashof number. It is worth noting that in eq. 2, the nominal apparent dynamic viscosity is taken to be = Ω −1 . For the current investigation, the local heat transfer coefficient h is defined as:
The mean heat transfer coefficient and the mean Nusselt number are evaluated as:
Governing equations and boundary conditions
For steady-state incompressible axisymmetric swirling flows the conservation equations in the cylindrical coordinate system take the following form:
Mass conservation equation
Momentum conservation equations
:
Energy conservation equation
where is the reference temperature for evaluating the buoyancy term ( − ) in the momentum conservation equation in the vertical direction, and here is taken to be the cold (bottom) cover temperature . In addition, thermo-physical properties (thermal conductivity, specific heat, consistency, etc.) are assumed to be constant and independent of temperature in this analysis for the sake of simplicity.
The numerical investigation has been carried out in an axisymmetric cylindrical container with a rotating top cover, which is schematically shown in Fig. 1 . The aspect ratio (i.e. = / ) of the cylindrical container is considered to be unity (i.e. = 1.0). The bottom and top covers of the cylindrical enclosure are kept at different constant temperatures ( < ), while the cylindrical surface is considered to be adiabatic in nature. The temperature difference between the top and bottom covers is kept small enough to ensure that Boussinesq approximation remains valid. The velocity components are identically zero due to the no-slip conditions and the impenetrability of the surface of the container.
Numerical implementation, grid-independency and benchmarking
In this study, a commercial package ANSYS-FLUENT, which has previously been utilised successfully for simulating both non-Newtonian [16] and Newtonian fluids [17] , has been used. The governing equations (i.e. Eqs. 5-7) are solved iteratively in the framework of the finite-volume methodology by applying the aforementioned boundary conditions. The convective terms are discretised using a second-order upwind scheme, whereas the diffusive terms are discretised by a second-order central differencing scheme. The coupling between pressure and velocity is obtained using the well-known SIMPLE (Semi-Implicit Method for Pressure-Linked Equations) algorithm [18] . The criterion of convergence was taken to be 10 -7 for all the relative (scaled) residuals. Thus the iterations are stopped when the magnitude of the fractional change of all primitive variables between two successive iterations is either smaller than or equal to 10 Table 1 . Table   1 highlights that the maximum relative error level (i.e. ) between M2 (150 × 150) and M3 (300 × 300)
is found to be smaller than 0.6 % for shear-thinning (i.e. = 0.6), Newtonian (i.e. = 1.0), and shearthickening (i.e. = 1.8) fluids. Based on this analysis, the simulations have been conducted using mesh M2 (150 × 150), which is found to be sufficient for providing high accuracy and computational efficiency.
In addition to the grid-independency study, the simulation results for Newtonian fluids have also been compared with the benchmark data reported by Iwatsu [9] for different and values at = 1 and = 1. It has been shown elsewhere (i.e. Fig. 2 of Turan et al. [14] ) that an excellent agreement (i.e.
maximum difference in mean Nusselt number values was found to be smaller than 1%) with benchmark values reported by Iwatsu [9] has been obtained. The numerical scheme used here was previously also validated earlier for laminar natural convection of power-law fluids in square enclosures, and interested readers are referred to Ref. [19] for further information in this regard.
It is also worth noting that minimum and maximum levels of are taken to be = 10 
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SCALING ANALYSIS
A detailed scaling analysis is performed to explain the influences of , , , on the mean Nusselt number ̅̅̅̅ . The wall heat flux can be scaled as:
where ℎ is the thermal boundary layer thickness. Using Eq. 8, the Nusselt number can be scaled as:
where 1 is a function of , , , and , which accounts for the ratio of hydrodynamic to thermal boundary layer thicknesses (i.e.
ℎ ⁄~1( , , , )).
In order to estimate the hydrodynamic boundary thickness , the order of magnitudes of inertial and viscous forces in the radial direction can be the equated:
For power-law fluids, the shear stress can be scaled as ~ ( / ) and thus Eq. 10 gives rise to:
Using Eq. 11, the hydrodynamic boundary thickness can be estimated as:
Here, is the characteristic velocity scale in the radial directions. The equilibrium of the order of magnitudes of the inertial and centrifugal forces in the radial direction yields: ~Ω in the case of pure forced convection ( = 0). By contrast, a combination of the equilibrium of inertial and buoyancy forces in the vertical direction and continuity relation provides ~√ for ⁄ = 1.0 in the case of pure natural convection (i.e. → ∞). These two asymptotic limits have been utilised to estimate as [14] : 
Using ~(Ω ) + (√ ), Eq. 12 can be recast as follows:
Equation 13 gives different results based on different values. For example, for fully forced convection (i.e. = 0), Eq. 13 yields to:
For ≫ 1 (when natural convection drives the thermal transport) that yields:
indicates that the effects of rotation do not disappear even for very high values for both shear-thinning (i.e. < 1) and shear-thickening (i.e. > 1) fluids. Finally, substituting Eq. 13 into Eq. 9
leads to the following scaling estimate for the mean Nusselt number:
The key findings of this scaling analysis are also summarised in Table 2 .
RESULTS & DISCUSSION
Influence of nominal Reynolds number
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The variation of the mean Nusselt number ̅̅̅̅ with nominal Reynolds number for = 0.5 at = 500 is shown in Fig. 2 for shear-thinning (e.g. = 0.6), Newtonian (i.e. = 1) and shear-thickening (e.g. = = 0.6), Newtonian (i.e. = 1) and shear-thickening (e.g. = 1.8) fluid cases. This is also consistent with the scaling estimate of ℎ given by Eq. 13. This thinning of the boundary layer with increasing leads to an increase in the magnitude of wall heat flux for both top and bottom covers (see Eqs. 8), which in turn gives rise to an increase in ̅̅̅̅ as shown in Fig. 2 . An increase in ̅̅̅̅ with increasing is a reflection of the strengthening of advective transport. This can also be confirmed from the non-dimensional swirl velocity distribution in Fig.3 , which demonstrates that increases significantly with increasing for a given set of values of , and .
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The strengthening of advective transport with increasing , which is observed in Figs. 2 and 3 , can be explained by integrating convective thermal transport (i.e. ) through the boundary layer thickness on the bottom cover:
where and are contributions of advective and diffusive thermal transports, respectively, and they can be scaled as follows:
where is the hydro-dynamic boundary layer thickness on the horizontal walls. Substituting ~(Ω ) + (√ ) and using the scaling relation for from Eq. 13 in Eqs. 17i and 17ii yield the following scaling estimates for the magnitudes of and :
Equations 18i and 18ii indicate that ( ) strengthens (weakens) with increasing . This is reflected in the increases in ̅̅̅̅ with increasing nominal Reynolds number , as can be seen from Figs. 2.
Influence of Richardson number
The variation of ̅̅̅̅ with is shown in Fig. 4 for shear-thinning (e.g. = 0.6), Newtonian (i.e. whereas it is insensitive to near rotating top cover of the cylindrical container. Thus, the advective transport weakens with increasing in this configuration, and that is reflected in the reduction in heat transfer rate (and the mean Nusselt number ̅̅̅̅ ) with increasing .
Influence of Prandtl number
The variations of ̅̅̅̅ with for shear-thinning (e.g. = 0.6), Newtonian (i.e. = 1) and shear-thickening This is indicative of the strengthening of the advective transport in the enclosure which leads to an increase in ̅̅̅̅ (see Fig. 7 ). In order to provide physical insights into the behaviour of dependence of ̅̅̅̅ , the distributions of non-dimensional the swirl velocity component along the vertical mid-plane ( / = 0.5)
are also shown in Fig. 9 for different values of at = 0.5 and = 2000. It can be seen from Fig. 9 that the thermal boundary layer thickness decreases with increasing for shear-thinning (e.g. = 0.6), Newtonian (i.e. = 1) and shear-thickening (e.g. = 1.8) fluids, which in turn acts to increase the mean Nusselt number ̅̅̅̅~/ ℎ . In addition to this, the magnitude of increases with increasing , regardless of the values. This indicates that the advective transport strengthens with increasing , which leads to an increase in ̅̅̅̅ (see Fig. 7 ). It is also worth noting that the scaling estimation given by Eq. 18i suggests that strengthens with increasing , which is consistent with the observations from Fig. 7 .
Influence of power-law index
The variations of mean Nusselt number ̅̅̅̅ with are shown in Fig. 10 for different values of and at = 500. Figure 10 shows that ̅̅̅̅ exhibits a non-monotonic behaviour (i.e. increases with increasing before reaching a maximum which is followed by a decreasing trend) with increasing (except in = 500 and 1000 for ≥ 0.3). This can be explained by a scaling analysis for the viscous resistance in the flow domain. In the power-law fluids, the viscous resistance strengthens with increasing which can be explained by estimating the effective viscosity. The effective viscosity can be estimated as:
Using the velocity scale ~Ω ( + 0.5 ), Eq. 19 can be scaled as: 
Equation 22 suggests that and decrease with increasing and this tendency strengthens for increasing , which is indicative of the weakening of inertial and buoyancy forces over viscous forces.
However, the exponents of and ( + isotherms which are not parallel to horizontal walls) in addition to thermal diffusion. Figure 11 shows that the main circulation increasingly gets compressed in the direction to the top right corner for increasing and thus the isotherms are horizontally stretched forming a horizontally stratified structure. This developes a well-mixed and high tmeperature fluid layer next to the top and side walls and this tendency is stronger
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for greater values of . This is indicative of the strentgenhening of the advective thermal transport and thereby the mean Nusselt number ̅̅̅̅ increases with increasing . The strengthening of with increasing can also be confirmed from the non-dimensional swirl velocity distribution in Fig.12 which demonstrates that the magnitude of increases significantly with increasing when , and are kept unaltered.
For a combination of small values of (i.e. = 500 and 1000) and ≥ 0.3, the strengthening of and with increasing is reflected in an increase in ̅̅̅̅ . This mechanism is principally responsible for an increase in ̅̅̅̅ with increasing before the mean Nusselt number reaches a maximum for < 0.3 for = 500 and 1000 and all values of for = 2000 but the decreases in and with increasing becomes dominant for large values of , which leads to a decrease in ̅̅̅̅ with increasing .
The effects of strengthening of and with increasing counteract the reductions in and in such a manner that the power-law exponent where the maximum ̅̅̅̅ is obtained decreases with decreasing (see Fig. 10c ).
The mean Nusselt number correlation
In the case of Newtonian fluids, the following Nusselt number correlation was proposed for this configuration by Turan et al. [14] in the parameter range given by 0 ≤ ≤ 1, 500 ≤ ≤ 3000 and 10 ≤ ≤ 500 :
where ko and mo are the correlation parameters in which are listed in Table 3 . Based on the scaling estimation given by Eq. 15, a correlation for the mean Nusselt number for power-law fluids has been proposed here for 0 ≤ Ri ≤ 1, 500 ≤ Re ≤ 3000 and 10 ≤ Pr ≤ 500 in the following manner:
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The expression for 1 is presented in Table 4 and the parameter 1 is taken to be unity (i.e. 1 = 1.0 ) for = − 1 and = 1 − − 1 in Eq. 24. The predictions of Eq. 24 are compared to the numerical data in Fig. 13 for Pr = 10, 100 and 500, which demonstrates that the correlation satisfactorily captures the qualitative variations of ̅̅̅̅ with for the range of , and analysed in this study. The correlation given by Eq. 24 has been found to approximate the numerical results at the level of average error of 5 %. It is also worth noting that Eq. 23 shows better prediction than Eq. 24 for Newtonian fluids (i.e. = 1) for a combination of small and large (i.e. = 500, = 500) where Eq. 24 over predicts ̅̅̅̅ .
Nevertheless, Eq. 24 provides comparable predictions as that of Eq. 23 for Newtonian fluids (i.e. = 1)
for the rest of the parameter range considered here (see Fig. 13 ).
CONCLUSIONS
The 
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